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Abstract
The concepts of the Effros metric and the Effros property are extended in such a way that a
semigroup M of surjective self mappings of a bounded metric space (in place of autohomeomorphism
group) is used in the definitions. Relations between the Effros property for M and M-homogeneity
are investigated. Special attention is paid to locally connected continua and the class C of all
continuous mappings between them. It is shown that local absolute retracts, as well as locally
connected curves, have the Effros property for C, while 2-dimensional locally connected continua
do not have this property. A number of questions are asked. Ó 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
One of Effros’ theorems on transformation groups and C∗-algebras, viz. Theorem 2.1
of [5, p. 39], was used by Ungar [12] to prove that each homogeneous compact metric
space X has the Effros property (or ε-push property): for every ε > 0 there exists δ > 0
such that if ρ(x, y) < δ for x, y ∈X, then for some homeomorphism h ∈H, h(x)= y and
ρ(z,h(z)) < ε for all z ∈ X. (Here H is the group of all homeomorphisms of X onto X
and ρ is the metric on X.) This theorem has proved to be a powerful tool in the study
of homogeneous continua. Therefore it would be tempting to have an analog of the Effros
theorem (or the Effros property) for other classes (semigroups) of mappings (different from
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homeomorphisms). Some success has been achieved for open mappings in [4]. In the final
part of that paper a metric σ is defined on any compact metric space (X,ρ) which is called
the Effros metric. If X is homogeneous, then the Effros metric is equivalent to ρ. In fact,
for a continuum (X,ρ) the following conditions are equivalent [4, Theorem 6.13, p. 600]:
(i) X is homogeneous,
(ii) X has the Effros property,
(iii) σ is equivalent to ρ, and
(iv) (X,σ) is connected.
The Effros metric has recently been employed to study other properties of compact spaces,
related to dynamical systems (see [15]).
In the present paper a further study in the area is provided. The paper consists of four
sections. After the Introduction, in Section 2 the concept of the Effros metric is extended
over bounded metric spaces in such a way that other than homeomorphisms semigroups M
of surjective automappings of the space are used in its definition. Conditions are discussed
under which the introduced Effros metric is independent from the given metric on the space
(i.e., Effros topology is defined). Some basic properties of the Effros metric are shown,
which are used in next parts of the paper.
In Section 3 the Effros property for a semigroup of self onto mappings of a bounded met-
ric space is studied. Relations between the Effros property and homogeneity of the space
with respect to the given semigroup of mappings are examined. It is shown that the Effros
property for some semigroups M is essentially a stronger condition that homogeneity with
respect to M. For some particular cases, however, the two properties coincide. Finally,
conditions are found under which the Effros metric is equivalent to the original metric on
the space. This enables us to define a topology, called the Effros topology on X, which
coincides with the one induced by the Effros metric in case X is a metrizable space.
Section 4 contains applications to locally connected continua. First, the class C of
all (continuous) mappings on these continua is considered, and structural conditions are
exhibited under which a locally connected continuum has the Effros property for C. It
follows, in particular, that local absolute retracts have this property. Further, it is shown
that homogeneity with respect to C can be sharpened to the Effros property for C provided
that the (locally connected) continuum is 1-dimensional. As a by-product we get an
interesting result saying that in locally connected continua any closed 0-dimensional subset
is contained in a dendrite. An example is constructed of a 2-dimensional locally connected
continuum, which does not have the Effros property for C. In the final part of the fourth
section monotone mappings of dendrites are under consideration. It is shown that no
dendrite has the Effros property for the semigroup of monotone mappings. Also a number
of open questions are asked in the paper.
We do not collect definitions, notions and symbols used in the paper in a separate
preliminary chapter. The needed concepts are recalled in their proper places, where they
are used. However, we fix now that all considered spaces are assumed to be metric, and all
mappings are continuous. Furthermore, the following standard notation will be used. The
abbreviations clA, bdA and intA mean the closure, boundary and the interior respectively
of a subset A of a space. The composition of two mappings f :X→ Y and g :Y → Z is
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denoted by g ◦ f . As usual, N stands for the set of all positive integers. Given a metric
space X, a point p ∈ X and a positive number ε, we denote by BX(p, ε) the open ball in
X centered at p with the radius ε.
2. Effros’ metric
Let a metric space X with a bounded metric ρ be given. The space XX of all mappings
from X into itself is metrized by the supremum metric
ρˆ(f, g)= sup{ρ(f (x), g(x)): x ∈X}. (2.1)
Further, XX can be treated as a semigroup with the composition g ◦ f of mappings f and
g as the semigroup operation, and with the identity mapping e as the identity element of
the semigroup.
Let M⊂XX be a semigroup of surjective mappings containing the identity e:
e ∈M⊂XX. (2.2)
Thus by (2.1) we have
ρ
(
f (x), x
)
6 ρˆ(f, e) for every f ∈M and x ∈X. (2.3)
Given any two points x, y ∈ X we put M(x, y) = {f ∈M: f (x) = y}. Define now a
function σ ′M from X×X into the reals, putting for every x, y ∈X
σ ′M(x, y)=
{
inf{ρˆ(f, e): f ∈M(x, y)} if M(x, y) 6= ∅,
diam(X,ρ) if M(x, y)= ∅. (2.4)
The definitions (2.1) and (2.4) imply
σ ′M(x, y)6 diam(X,ρ) for all x, y ∈X. (2.5)
According to (2.3) we have ρ(x, y)6 ρˆ(f, e) for all x, y ∈X and all f ∈M(x, y), whence
by (2.4) we conclude
ρ(x, y)6 σ ′M(x, y) for all x, y ∈X. (2.6)
The definition of σ ′M and (2.6) imply
σ ′M(x, y)= 0 if and only if x = y. (2.7)
To show the triangle axiom for σ ′M we need the following fact.
Fact 2.8. Let M be a semigroup of mappings satisfying condition (2.2). If f,g ∈M, then
ρˆ(g ◦ f, e)6 ρˆ(f, e)+ ρˆ(g, e). (2.9)
Proof. By the triangle axiom applied to the metric ρ, for each x ∈X we have,
ρ
(
g(f (x)), x
)
6 ρ
(
g(f (x)), f (x)
)+ ρ(f (x), x). (2.10)
By the definition (2.1) of ρˆ the right member of (2.10) is not greater than ρˆ(g, e)+ ρˆ(f, e),
whence we get
ρ
(
g(f (x)), x
)
6 ρˆ(f, e)+ ρˆ(g, e) for each x ∈X,
and therefore (2.9) follows from (2.1). 2
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Now we will show that
σ ′M(x, z)6 σ ′M(x, y)+ σ ′M(y, z) for all x, y, z ∈X. (2.11)
Indeed, consider first the case when there are mappings f,g ∈M with f (x) = y and
g(y)= z. Then their composition g ◦ f is in M and maps x onto z. Thus, by the defini-
tion (2.4) of σ ′M(x, y) and σ ′M(y, z), for an arbitrary ε > 0 there are mappings f and g in
M such that
ρˆ(f, e)6 σ ′M(x, y)+ ε and ρˆ(g, e)6 σ ′M(y, z)+ ε. (2.12)
Therefore, applying consecutively (2.4), (2.9) and (2.12) we get
σ ′M(x, z)6 ρˆ(g ◦ f, e)6 ρˆ(f, e)+ ρˆ(g, e)6 σ ′M(x, y)+ σ ′M(y, z)+ 2ε,
whence (2.11) follows in this case. In the opposite case at least one summand of the right
member of the inequality in (2.11) equals diam(X,ρ), and so the inequality holds by (2.5).
Thus (2.11) is established.
Recall that any function σ ′ from X ×X into nonnegative reals satisfying the axioms of
a metric except for the axiom of symmetry is called a quasi-metric on X (see [14] for a
study of basic properties of quasi-metric spaces). Since by (2.4) all values of the function
σ ′M are nonnegative reals, (2.7) and (2.11) lead to the following.
Proposition 2.13. For every bounded metric space X and for every semigroup M of
surjective mappings that satisfies condition (2.2) the function σ ′M defined by (2.4) is a
quasi-metric.
Given a bounded metric space X and a semigroup M⊂XX of surjective mappings that
satisfies condition (2.2), the function σ ′M defined by (2.4) is called the Effros quasi-metric
on X induced by M.
Since for each f ∈M and for each x ∈X we have σ ′M(x, f (x))6 ρˆ(f, e) by (2.4) and
ρ(f (x), x)6 σ ′M(x, f (x)) by (2.6), hence we get
ρˆ(f, e)= σ̂ ′M(f, e) for each f ∈M,
where σ̂ ′M is the supremum metric on M determined by σ ′M, i.e.,
σ̂ ′M(f, g)= sup
{
σ ′M(g(x), f (x)): x ∈X
}
for all f,g ∈M.
Therefore the following proposition has just been proved that corresponds to Proposition
6.1 of [4, p. 596].
Proposition 2.14. Let a metric space (X,ρ) be bounded, let a semigroup M satisfy
inclusions (2.2), and let σ ′M be the Effros quasi-metric on X induced by M. Then for
each positive number ε < diam(X,ρ) and for every two points x and y of X the following
conditions are equivalent:
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(2.15) σ ′M(x, y) < ε;
(2.16) there is a mapping f ∈M(x, y) such that ρˆ(f, e) < ε;
(2.17) there is a mapping f ∈M(x, y) such that σ̂ ′M(f, e) < ε.
The absence of the symmetry axiom for the function σ ′M can easily be remedied. Namely
the formula
σM(x, y)= 12
(
σ ′M(x, y)+ σ ′M(y, x)
) (2.18)
defines a function σM :X×X→ R that satisfies, by (2.7) and (2.11), all three axioms of
a metric. The function σM is called the Effros metric on X induced by M.
The equivalences of Proposition 2.14 remain true if the Effros metric σM induced by
M (defined by (2.18)) is taken in place of the Effros quasi-metric σ ′M. More precisely, we
have the following corollary.
Corollary 2.19. Let a metric space (X,ρ) be bounded, let a semigroup M be a collection
of surjections satisfying inclusions (2.2), and let σM be the Effros metric on X induced by
M. Then for each positive number ε < diam(X,ρ) and for every two points x and y of X
the following conditions are equivalent:
(2.20) σM(x, y) < ε;
(2.21) there are mappings f ∈M(x, y) and g ∈M(y, x) such that ρˆ(f, e) < ε and
ρˆ(g, e) < ε;
(2.22) there are mappings f ∈M(x, y) and g ∈M(y, x) such that σ̂ ′M(f, e) < ε and
σ̂ ′M(g, e) < ε.
In the case when the semigroup M is the group H of all homeomorphisms of a compact
metric space X onto itself, then the Effros metric σH induced by H coincides with the
Effros metric σ in the sense introduced in [4, (6.4), p. 595]. Thus, as an immediate
consequence of Proposition 2.14 we get the following corollary, which is a generalization
of Corollary 6.2 of [4, p. 596] from the group of all homeomorphisms to any semigroup
M of self mappings of X that satisfies (2.2).
Corollary 2.23. Let (X,ρ) be a bounded metric space, and let the Effros metric σM be
induced by a semigroup M that satisfies condition (2.2). Then the space (X,σM) is discrete
if and only if the identity mapping e is an isolated element of M.
Note further that, under the same assumptions onX and M, (2.5), (2.6) and (2.18) imply
ρ(x, y)6 σM(x, y)6 diam(X,ρ) for all x, y ∈X, (2.24)
which leads to the equality
diam(X,ρ)= diam(X,σM). (2.25)
Let i be the identity from (X,σM) onto (X,ρ). Then (2.24) implies that
i : (X,σM)→ (X,ρ) is continuous. (2.26)
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Note that in general i is neither open nor closed, and that i−1 need not be continuous, as
examples in [4, p. 597] show. In particular, if the closed unit interval [0,1] is taken as X,
and the homeomorphism group H stands for M, then the space ([0,1], σM) consists of
three components, two of which are singletons that correspond to the end points of X, and
the third component is homeomorphic to the open interval (0,1) with its natural topology.
The space ([0,1], σM) has exactly the same structure if M means the semigroup of all open
mappings, because open mappings do not increase the (Menger–Urysohn) order of points
[13, Corollary 7.31, p. 147]. Since i is one-to-one, and since for one-to-one mappings
their openness, closedness and continuity of the inverse mapping are equivalent to being a
homeomorphism, [6, 1.4.18, p. 33], the following problem is of some interest.
Problem 2.27. Give necessary and/or sufficient conditions under which the identity
mapping i : (X,σM)→ (X,ρ) is a homeomorphism.
A partial solution to the above problem is known for a particular case when X is a
continuum and when M is the group of autohomeomorphismsH, see [4, 6.11–6.13, p. 600].
Given two bounded metric spaces (X1, ρ1) and (X2, ρ2), we consider two semigroups
M1 and M2 of mappings of X1 and of X2 onto themselves.
For j ∈ {1,2} we denote by σMj the Effros metric on Xj induced by Mj , and by
ij : (Xj , σMj )→ (Xj ,ρj ) the identity. Given a surjection f : (X1, ρ1)→ (X2, ρ2), we
define f∗ : (X1, σM1)→ (X2, σM2) putting f∗ = i−12 ◦ f ◦ i1; and for each surjection
g : (X1, σM1)→ (X2, σM2) we define g∗ : (X1, ρ1)→ (X2, ρ2) putting g∗ = i2 ◦ g ◦ i−11 .
Then f∗ and g∗ are well defined surjections satisfying (f∗)∗ = f and (g∗)∗ = g. So, by
the definitions, the following diagrams commute:
(X1, ρ1)
f
(X2, ρ2)
(X1, σM1)
i1
f∗
(X2, σM2)
i2 (2.28)
and
(X1, ρ1)
g∗
(X2, ρ2)
(X1, σM1)
i1
g
(X2, σM2)
i2 (2.29)
i.e., we have f ◦ i1 = i2 ◦ f∗ for (2.28) and g∗ ◦ i1 = i2 ◦ g for (2.29).
Furthermore, continuity of f in (2.28) does not imply that of f∗ in general, as it is shown
in [4, p. 597] for the unit circleX1 and the unit closed intervalX2 with their natural metrics
(stemming from the Euclidean metric on the plane), and with the corresponding Effros
metrics σH1 and σH2 , where H1 and H2 are autohomeomorphism groups on X1 and X2,
respectively, and where f is an arbitrary surjective mapping from (X1, ρ1) onto (X2, ρ2).
Similarly, continuity of g in (2.29) does not imply that of g∗ even if X1 = X2, M1 = H1
and M2 = H2 are autohomeomorphism groups on X1 and X2, respectively, and g is a
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homeomorphism, see [4, p. 598]. However, it can be shown that f∗ is a homeomorphism
if f is. To prove this we need a lemma which is not connected with the Effros metric, and
which generalizes Lemma 6.5 of [4, p. 598].
Lemma 2.30. Let a homeomorphism f : (X1, ρ1)→ (X2, ρ2) be given between bounded
metric spaces. For j ∈ {1,2} let semigroups Mj of self onto mappings of Xj have the
identity elements ej , and be such that
the condition g ∈M1 implies f ◦ g ◦ f−1 ∈M2. (2.31)
Then the following implication holds. If a sequence gn ∈M1 tends to e1 (with respect to
the supremum metric ρ̂1 on M1), then the sequence f ◦ gn ◦ f−1 ∈M2 tends to e2 (with
respect to ρ̂2).
Proof. The lemma is an immediate consequence of statements (1) and (2) in [6, Sec-
tion 3.4, p. 157]. 2
Proposition 2.32. If, in diagram (2.28), the mapping f is a homeomorphism, and
semigroups M1 and M2 are as in Lemma 2.30, then f∗ is one-to-one and continuous.
Proof. If f in (2.28) is one-to-one, then so is f∗ by its definition. We prove its continuity.
In fact, let a sequence of points xn of (X1, σM1) tend to a point x . By the implication from
(2.20) to (2.21) in Corollary 2.19 we conclude that there are two sequences of mappings
fn ∈M1(i1(x), i1(xn)) and f ′n ∈M1(i1(xn), i1(x)) of (X1, ρ1) onto itself, both tending to
the identity e1 ∈M1 (with respect to the metric ρ̂1 on M1). Putting gn = f ◦fn◦f−1 ∈M2
and g′n = f ◦ f ′n ◦ f−1 ∈M2 (see (2.31)) we see by Lemma 2.30 that the sequences gn and
g′n tend to e2 (with respect to the metric ρ̂2 on M2). Since gn ∈M2(f (i1(x)), f (i1(xn)))
and g′n ∈M2(f (i1(xn)), f (i1(x))) simply by the definitions, and since f ◦ i1 = i2 ◦ f∗ by
commutativity of diagram (2.28), we infer—now by the implication from (2.21) to (2.20)
of Corollary 2.19—that the sequence of points i−12 (f (i1(xn))) = f∗(xn) in (X2, σM2)
tends to the point i−12 (f (i1(x)))= f∗(x). Thus continuity of f∗ is shown, and the proof is
complete. 2
Remark 2.33. The conclusion of Proposition 2.32 cannot be sharpened by saying that f∗
is an embedding because of the following example. Let X1 = X2 = [0,1] and ρ1 = ρ2 be
the usual metric; let M1 be the group of all autohomeomorphisms, M2—the semigroup
of all surjective mappings, and let f be the identity on [0,1]. Then (X,σM1) has three
components: {0}, (0,1), and {1}, while (X,σM2) is homeomorphic to [0,1]. Thus (f∗)−1
is not continuous.
We say that two semigroups M1 and M2 of self surjections on a space X are equivalent
provided that there exists a homeomorphism f :X→ X such that g ∈M1 if and only if
f ◦g ◦f−1 ∈M2. As a consequence of Proposition 2.32 we get a corollary that generalizes
Corollary 6.7 of [4, p. 599].
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Corollary 2.34. If metrics ρ1 and ρ2 on an underlying bounded space X are equivalent,
and if semigroups M1 and M2 are equivalent, then the corresponding Effros metrics σM1
and σM2 on X also are equivalent.
Remark 2.35. Corollary 2.34 shows that the topology on X induced by the Effros metric
σM does not depend on the metric ρ on X, but only on the topology induced by ρ on
X. Moreover, the topology on X is equivalent to a topology (called the Effros topology)
defined in the following way. Given a point x and a set U in X with x ∈ U , we say that U
is a neighborhood of x provided that there is an open neighborhood V of the identity e in
M such that the set{
y ∈X: there are mappings f,g ∈V with f (x)= y and g(y)= x}
is contained in U .
3. Effros’ property
In this section we are interested when the identity mapping i : (X,σM)→ (X,ρ) is a
homeomorphism (see Problem 2.27). Some definitions are in order first.
Let a metric space (X,ρ) and a positive number ε be given. A self mapping f :X→X
is called an ε-translation provided that the inequality ρ(f (z), z) < ε holds for all points
z ∈X. If (X,ρ) is bounded, then f is an ε-translation if and only if ρˆ(f, e) < ε, where e
means the identity mapping on X.
Let (X,ρ) be a bounded metric space and let M be a semigroup of self onto mappings
on X containing the identity e. We say that X has the Effros property for M provided
that for each point x ∈ X and for each ε > 0 there exists a δ > 0 such that for each
point y ∈ X satisfying ρ(x, y) < δ there are surjective ε-translations f,g ∈M such that
f (x)= y and g(y)= x . Equivalently, for each convergent sequence of points xn tending
to a point x in X there are two sequences of mappings fn, gn ∈M both tending to the
identity e, and such that fn(x) = xn and gn(xn) = x . This concept generalizes the one
introduced in [4, p. 586] for compact metric spaces as well as the Effros property (or ε-
push property) (see [12, (1), p. 397; 8, Lemma 4, p. 37]; compare [9]), an important tool in
studying homogeneous continua. The reader is referred to the introduction of [4] for more
information and references in the case when the space X is compact.
In the definition of the Effros property one cannot omit the existence of the mapping g
because of the following example.
Example 3.1. There is a compact metric space X satisfying the following conditions:
(3.2) for each point x ∈ X and for each ε > 0 there exists a δ > 0 such that for each
point y ∈ X satisfying ρ(x, y) < δ there is a surjective ε-translation f such that
f (x)= y;
(3.3) X does not have the Effros property for the semigroup of all self surjections on X.
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Proof. In the Euclidean plane R2 put
S = {(t, sin(1/t)): t ∈ (0,1]} and L= {(0, u): u ∈ [−1,1]}.
Thus L is the limit segment of S and L∪ S ⊂R2 is the well-known sin(1/x)-curve. Let C
stand for the Cantor ternary set. In the Cartesian product
X = (L∪ S)×C
take the maximum metric ρ = max{ρ1, ρ2}, where ρ1 is the Euclidean metric on L ∪ S
inherited from the plane, and ρ2 is the usual absolute value metric on C.
To prove condition (3.2), let ε > 0 and a point x = (p, c) ∈ X be given. Consider two
cases.
Case 1. If p ∈ S take δ < ε/2 such thatBS(p, δ) is an arc in S. Let a point y = (q, d) ∈X
be such that ρ1(p, q) < δ and ρ2(c, d) < δ. Then there are two homeomorphisms both
being ε-translations f1 :S → S with f1(p) = q and f2 :C → C with f2(c) = d . Then
f1 × f2 :X→X is an ε-translation which maps x to y , as needed.
Case 2. If p ∈ L take δ < ε/2 such that for each point y = (q, d) ∈ X with ρ(x, y) <
δ (which implies ρ1(p, q) < δ) there is an ε-translation f1 : (L ∪ S)→ (L ∪ S), not
necessarily surjective, with f1(p)= q . Let A and B be two disjoint, closed and open in C
subsets of the ball BC(c, δ) with c ∈A. Define f2 :C→C by
f2(A)= {d}; f2(B)=A∪B; f2|(C \ (A∪B)) is the identity.
Since 2δ < ε, the mapping f2 is an ε-translation. Denote by (a, b) an arbitrary point of X
with a ∈ L∪ S and b ∈C, and define f :X→X by
f ((a, b))=

(f1(a), f2(b)) if b ∈A;
(a, f2(b)) if b ∈ B;
(a, b) otherwise.
Then f is an ε-translation, and f ((p, c))= (q, d), i.e., f (x)= y . Since f ((L∪ S)× (C \
A))=X, the mapping f is surjective. Thus (3.2) is proved.
To show condition (3.3) take in X two points x = (p,0) and y = (q,0) with p ∈ S and
q ∈ L, which are close enough to each other. If a mapping f :X→ X maps x to y , then
since any mapping maps arc-components into arc-components, we have f ((L∪S)×{0})⊂
L×{0}, so f is far from the identity e on X. Thus X does not have the Effros property for
the semigroup of all self surjections on X. 2
The next example shows that, similarly, the existence of the mapping f is indispensable
in the definition of the Effros property.
Example 3.4. If X = [0,1] with the usual metric ρ, and if M stands for the semigroup of
monotone surjections on X, then
(3.5) for each point x ∈ X and for each ε > 0 there exists a δ > 0 such that for each
point y ∈X satisfying ρ(x, y) < δ there is a surjective ε-translation g ∈M such
that g(y)= x;
(3.6) X does not have the Effros property for M.
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Proof. If 0 6= x 6= 1 take δ < ε such that 0,1 /∈ (x − δ, x + δ). Then for each y ∈ X
with ρ(x, y) < δ let g :X → X be a piecewise linear mapping satisfying g(0) = 0,
g(y)= x and g(1)= 1, and such that the restrictions g|[0, y] and g|[y,1] are linear. Then
ρˆ(g, e) < δ < ε.
If x = 0 or x = 1, let δ = min{ε/2,1/2}. Take y ∈ X with ρ(x, y) < δ. Let g be a
mapping defined as previously. Then again ρˆ(g, e) < δ < ε. So, (3.5) is proved.
Since each monotone mapping on [0,1] maps its end points to end points, [13, (1.1),
p. 165], the interval [0,1] does not have the Effros property for the semigroup of monotone
surjections. 2
The following theorem is a consequence of the definitions.
Theorem 3.7. Let (X,ρ) be a bounded metric space and let M be a semigroup of self onto
mappings on X containing the identity mapping. The following conditions are equivalent:
(3.8) the identity i : (X,σM)→ (X,ρ) is a homeomorphism;
(3.9) the metrics σM and ρ on X are equivalent;
(3.10) X has the Effros property for the semigroup M.
Remark 3.11. If the space (X,ρ) is compact, then the number δ in the definition of the
Effros property for a semigroup M of mappings (which contains the identity e on X) can
be chosen independently from the point x . Thus the Effros property for M is equivalent
for compact spaces X to the following condition:
(3.12) for each ε > 0 there exists a δ > 0 such that for every two points x, y ∈ X
with ρ(x, y) < δ there exists a mapping f :X→ X such that ρˆ(f, e) < ε and
f ∈M(x, y).
Therefore, the concept of the Effros property for M introduced above coincides in the case
of compact metric spaces with the one introduced in [4, p. 586].
Let a topological space X, a semigroup M of surjective self mappings on X, and two
points p,q ∈ X be given. Then X is said to be homogeneous with respect to M from p
to q provided that M(p, q) 6= ∅, i.e., there exists a surjection f ∈M with f (p) = q . If
the condition holds for every p,q ∈ X, then we say that X is homogeneous with respect
to M, or more succinctly M-homogeneous. If M is the group of autohomeomorphisms on
X, then X is said to be homogeneous.
Theorem 3.13. Let (X,ρ) be a bounded metric space and let M be a semigroup of self
onto mappings on X containing the identity mapping. If X is connected and has the Effros
property for M, then it is M-homogeneous.
Proof. Let a point x0 ∈X be fixed. Define
U = {y ∈X: there are f,g ∈M such that f ∈M(x0, y) and g ∈M(y, x0)}.
Since e ∈M, we have x0 ∈ U , soU is nonempty. We will show thatU is an open and closed
subset of X, whence we will have U =X, and thus M-homogeneity of X will be shown.
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To prove that U is open take y ∈ U . Let δ > 0 be as in the definition of the Effros
property for M chosen for the point y and for ε = 1. We intend to show that BX(y, δ)⊂U .
By the Effros property for M for each point z ∈BX(y, δ) there are mappings f1, g1 :X→
X, both in M, and such that f1(y) = z and g1(z) = y . Since y ∈ U , there are mappings
f2, g2 ∈M such that f2(x0)= y and g2(y)= x0. Thus the compositions f1 ◦f2 and g2 ◦g1
are in M and map x0 to z and z to x0, respectively. Thus z ∈ U , so thus BX(y, δ)⊂U , and
consequently U is open.
To show it is closed, take a convergent sequence of points xn ∈ U and let x = limxn ∈X.
Let δ > 0 be as in the definition of the Effros property for M chosen for the point x and
for ε = 1, and choose xn such that ρ(x, xn) < δ. Since xn ∈ U , there are two mappings
f1, g1 ∈M with f1(x0)= xn and g1(xn)= x0. Since ρ(x, xn) < δ, there are two mappings
f2, g2 ∈M with f2(x) = xn and g2(xn) = x . Thus the compositions g2 ◦ f1 and g1 ◦ f2
are in M and map x0 to x and x to x0, respectively. Therefore x ∈ U , so U is closed. The
proof is complete. 2
For compact spaces (X,ρ) and for some groups of autohomeomorphisms on X the
converse to Theorem 3.13 is also true, see [12, (1), p. 397], and [8, Lemma 4, p. 37].
To state the result precisely, we need the following definition. We say that a semigroup
M⊂ XX acts transitively on a subset A⊂ X provided that for every two points x, y ∈ A
there is a mapping f ∈M(x, y).
Theorem 3.14 (Hagopian, Ungar). Let X be a compact metric space and let H be a group
of autohomeomorphisms that acts transitively on X. Then X has the Effros property
for H.
Question 3.15. Can the assumption that H is a group be weakened to one that it is a
semigroup?
Recall that the orbit of a point x0 ∈X with respect to M, denoted by OM(x0), is the set
of all points x ∈X such that M(x0, x) 6= ∅ 6=M(x, x0), i.e.,
OM(x0)=
{
x ∈X: there are f,g :X→X such that f (x0)= x and g(x)= x0
}
.
In other words OM(x0) is a maximal subset of X containing x0 and such that M acts
transitively on it. Note that the relation of belonging to an orbit is an equivalence relation,
and therefore X is the union of pairwise disjoint orbits. Consequently, we can consider
orbits OM of X with respect to M without referring to any particular point x0 ∈ X.
Note also that if x and y do not belong to the same orbit with respect to M, then
σM(x, y)> (diamX)/2. As a consequence we have the following statement.
Statement 3.16. Let (X,ρ) be a bounded metric space and let M be a semigroup of self
onto mappings onX containing the identity mapping. Then each orbitOM ofX is an open
and closed subset of the space (X,σM).
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Corollary 3.17. Let (X,ρ) be a bounded metric space and let M be a semigroup of self
onto mappings on X containing the identity mapping. Then each component of the space
(X,σM) is a subset of some orbit OM of X.
It is shown in Theorem 3.7 that the conditions (i)–(iii) of [4, Theorem 6.13, p. 600]
(renamed here as (3.8)–(3.10) in Theorem 3.7) are mutually equivalent even without
the assumption of compactness of X and for an an arbitrary semigroup M of self onto
mappings on X containing the identity e. Now we will show that the condition (iv) of [4,
Theorem 6.13, p. 600] cannot be attached to this result.
Example 3.18. There exists a metric continuum (X,ρ) such that if M stands for the
semigroup of all surjections on X, then (X,σM) is connected, while σM is not equivalent
to ρ.
Proof. For every two points x = (x1, x2) and y = (y1, y2) of the plane R2 define the
maximum metric
ρ(x, y)=max{|x1 − y1|, |x2− y2|},
and let X be the harmonic fan, i.e., the cone with the vertex v = (0,1) over the set
H = {(0,0)} ∪ {(1/n,0): n ∈ N} equipped with the metric inherited from the plane, i.e.,
with ρ|(X×X).
To prove that (X,σM) is connected it is enough to show that for every two points
x, y ∈ X such that either x ∈ vy or y ∈ vx we have σM(x, y) = ρ(x, y) (here vx and
vy denote subsegments of the straight line segments that join the vertex v with points of
the set H ). To do this we have to find a surjective mapping f :X→X satisfying
f (x)= y and ρˆ(f, e)= ρ(x, y). (3.19)
Consider two cases.
Case 1. x 6= v, i.e., x2 6= 1. Define f1 : [0,1] → [0,1] as a piecewise linear mapping
satisfying the following conditions:
(a) if x2 6= 0, then f1(0)= 0, f1(x2)= y2, f1(1)= 1, and f1 is linear on [0, x2] and on
[x2,1];
(b) if x2 = 0, then f1(0)= y2, f1(y2)= 0, f1(1)= 1, and f1 is linear on [0, y2] and on
[y2,1].
If i : [0,1] → [0,1] denotes the identity mapping, then we have ρˆ(f1, i) = |x2 − y2| =
ρ(x, y). Define f :X→X as follows. For each point z= (z1, z2) ∈X let f (z) be a point
satisfying either f (z) ∈ vz or z ∈ vf (z), and the second coordinate of f (z) is f1(z2). Then
f satisfies (3.19).
Case 2. x = v, i.e., x2 = 1. Then f1 : [0,1]→ [0,1] has to satisfy: f1(0)= 0, f1(y2)= 1,
f1(1)= y2, and f1 is linear on [0, y2] and on [y2,1]. Define f :X→X by assigning to a
point z= (z1, z2) ∈X a point f (z) for which we consider two subcases. First, if z2 6 y2,
then f (z) is defined as in Case 1. Second, if y2 < z2, then f (z) is a point such that either
f (z) ∈ vy or y ∈ vf (z), and whose second coordinate is again f1(z2). Then f satisfies
(3.19) as previously, and thereby connectedness of (X,σM) is proved.
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To verify that σM is not equivalent to ρ we will prove that the sequence (1/n,0) of end
points of X does not converge to (0,0) in (X,σM). To this aim it is enough to show that
for ε = 1/2 there is no surjective ε-translation f :X→ X such that f ((0,0))= (1/n,0)
for some n ∈N. So, suppose on the contrary that such a mapping f does exist. Then
f
({0} × [0,1/2])⊂ v(1/n,0). (3.20)
If N(X) denotes the set of points at which X is not locally connected, then N(X) =
N(f (X)) ⊂ f (N(X)) (see [7, (3), p. 28]), whence it follows that there is a point x0 ∈
{0}× [0,1) such that f (x0)= (0,0). By (3.20) we have ρ(x0, (0,0))> 1/2, and thus f is
not any ε-translation. The proof is then complete. 2
4. Locally connected continua and their mappings
In this section we consider the Effros property for locally connected continua and the
class C of all surjective mappings between them.
Given a (metric) space X and a subset A ⊂ X we denote by N(A,ε) the open ε-
neighborhood of A in X, i.e., we put N(A,ε)=⋃{B(a, ε): a ∈A}.
The following result is known (see, e.g., [10, Theorem 1, p. 347]; also [2, Assertion 1,
p. 292]).
Proposition 4.1. Locally connected continua are homogeneous with respect to the class C
of all (continuous) mappings.
It is known, see, e.g., [4, Corollary 4.3, p. 586] that homogeneity of metric continua
is equivalent to the Effros property (here M is a group of all autohomeomorphisms on
the continuum). In general, however, M-homogeneity need not imply the Effros property
for M, as it is indicated for example in [4, p. 587] where X is the Sierpin´ski universal
plane curve and the semigroup M is the one of monotone mappings. Nevertheless,
the implication may be true for some semigroups M of surjections under additional
assumptions on the considered spaces. The next theorem is a result of this kind.
Theorem 4.2. Let a locally connected continuum X have the following property.
(4.3) For each point p ∈X and for each open neighborhoodU of p there exists a locally
connected continuum V such that p ∈ intV ⊂ V ⊂U and there exists an absolute
retract A⊂ V such that bdV ⊂A.
Then the continuum X has the Effros property for the semigroup C of mappings.
Proof. Let ε > 0 be given. Taking as U an open ball B(p, ε/2) with center at p ∈ X
and radius ε/2, let V (p) be a locally connected continuum as in (4.3). Then the family
{intV (p): p ∈ X} is an open cover of X. Let δ be the Lebesgue number for this cover.
Take two points x, y ∈ X with ρ(x, y) < δ. Then there is a point p ∈ X such that
x, y ∈ intV (p) ⊂ V (p). Let A be the absolute retract in V (p) satisfying the inclusion
bdV (p) ⊂ A according to (4.3). Consider an irreducible arc in V (p) from the point x to
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the set A, i.e., an arc having x as one of its end points, while the other end point is the
only point of the arc lying in A (if x ∈A, then we take the singleton {x} as the mentioned
irreducible arc). Denote by B the union of A and of the considered arc. Then B is an
absolute retract [11, §53, III, Theorem 1, p. 340]. Consider an arc L such that L∩X = {x}.
Denote by z the other (distinct from x) end point of L. Let a mapping h :B → B ∪ L
be such that its restriction h|bdV (p) is the identity on V (p) and that h(x) = z. Choose
a point t ∈ L \ {x, z}, denote by xt the subarc of L from x to t , and define a mapping
g :L→ V (p) in such a way that g(x)= x , g(xt)= V (p) and g(z)= y . Let r :V (p)→B
be a retraction. Finally define a mapping f :X→X by
f (q)=

q, for q ∈X \ V (p),
h(r(q)), for q ∈ V (p) and h(r(q)) ∈B,
g(h(r(q))), for q ∈ V (p) and h(r(q)) ∈L.
Then f is an ε-translation with f (x)= y . Since g is a surjection onto V (p), the mapping
f is surjective. The proof is complete. 2
Recall that a local absolute retract (abbreviated local AR) means a continuum each
point of which has an (arbitrarily small) neighborhood being an absolute retract. Note that
continua which are local ARs are obviously locally connected ones. Thus Theorem 4.2
implies the following corollary.
Corollary 4.4. Each local AR has the Effros property for the semigroup C of mappings.
Question 4.5. What locally connected continua have the Effros property for the class C of
mappings?
Theorem 4.9 below gives a partial answer to this question. To prove it we need two
lemmas and a proposition.
Lemma 4.6. Let a continuumX be locally connected, and let V be an open and connected
subset of X with dim bdV = 0. Then the set clV is locally connected.
Proof. We will show that clV is locally connected at each of its points. This is obvious
if the point is in V . Suppose on the contrary that clV is not locally connected at a point
x ∈ bdV = clV \ V . Then there is an open in clV neighborhood U of x such that x
lies in a nondegenerate continuum of convergence C of clU , i.e., there is a sequence of
components Cn of clU such that C = LimCn, where C ∩ Cn = ∅ for each n ∈ N and C
is contained in the component of clU containing x . Take an open subset UX of X such
that U = UX ∩ clV . Since bdV is 0-dimensional, there is a point x ′ ∈ C ∩ V . Thus there
is a connected neighborhood W of x ′ such that W ⊂ V ∩UX ⊂ U . Then, for some n on,
Cn ∩W 6= ∅, and W ⊂ C, contrary to the choice of C. The proof is complete. 2
Lemma 4.7. Let a continuum X be locally connected, and let Z be a closed subset
of X with dimZ = 0. Then, for each ε > 0, there are finitely many locally connected
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and mutually disjoint continua U1, . . . ,Un with diamUi < ε and Z ∩ Ui 6= ∅ for each
i ∈ {1, . . . , n}, and such that Z ⊂ intU1 ∪ · · · ∪ intUn.
Proof. Let a number δ > 0 be given. Since each locally connected continuum is the union
of a finite number of locally connected continua with arbitrarily small diameters [11,
§50, II, Theorem 3, p. 257], there are in X locally connected continua Y1, . . . , Yk with
diamYi < δ for each i ∈ {1, . . . , k}, and such that X = Y1 ∪ · · · ∪ Yk . For each point x ∈X
put
V (x, δ)=
⋃{
Yi : x ∈ Yi and i ∈ {1, . . . , k}
}
.
Then V (x, δ) is a locally connected continuum such that diamV (x, δ) < 2δ, and x ∈
intV (x, δ). Finally put W(δ) =⋃{V (x, δ): x ∈ Z}. Note that Z ⊂ intW(δ) ⊂ N(Z,2δ),
and that W(δ) is the union of finitely many locally connected continua. Thus there is a
number η(δ) > 0 such that N(Z,η(δ)) ⊂ intW(δ), and therefore W(η(δ)/2) ⊂ intW(δ).
So, we can choose a decreasing sequence of positive numbers δ1 > δ2 > · · · tending
to 0 such that δi+1 < η(δi)/2 for each i ∈ N. Then W(δ1) ⊃ W(δ2) ⊃ · · · ⊃ Z and
Z =⋂{W(δi): i ∈ N}. Since the intersection of a decreasing sequence of continua is a
continuum, and since Z contains no nondegenerate subcontinuum, there is an index i0 ∈N
such that W(δi0 ) contains no continuum of diameter greater than or equal to ε. Denote by
U1, . . . ,Un the components of W(δi0) and observe that they satisfy the conclusion of the
lemma. 2
The proposition below is not related to homogeneity or to the Effros property. And
although it plays merely an auxiliary role in the proof of Theorem 4.9, it is interesting by its
own value. Its proof is due to Professor Alejandro Illanes. Recall that a locally connected
continuum containing no simple closed curve is called a dendrite.
Proposition 4.8. Let a continuum X be locally connected, and let Z be a closed subset of
X with dimZ = 0. Then there exists a dendrite D such that Z ⊂D ⊂X.
Proof. By Lemma 4.7 there are in X finitely many locally connected and mutually disjoint
continuaU11 , . . . ,U
1
n1 with diamU
1
i < 1 and Z∩U1i 6= ∅ for each i ∈ {1, . . . , n1}, and such
that Z ⊂ intU11 ∪ · · · ∪ intU1n1 . Let T1 be the union of finitely many arcs in X such that the
union
X1 = T1 ∪U11 ∪ · · · ∪U1n1
is connected, and T1∩U1i is a finite set for each i ∈ {1, . . . , n1}, while for each point x ∈ T1
the set X1 \ {x} is not connected.
Again by Lemma 4.7 applied to each of continua U11 , . . . ,U
1
n1 separately, we can find
locally connected and mutually disjoint continua U21 , . . . ,U2n2 satisfying the following
conditions:
(a) diamU2i < 1/2 and Z ∩U2i 6= ∅ for each i ∈ {1, . . . , n2};
(b) for each i ∈ {1, . . . , n2} there is j ∈ {1, . . . , n1} such that U2i ⊂ intU1j ;
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(c) Z ⊂ intU21 ∪ · · · ∪ intU2n2 .
Then we can find a closed set T2 being the union of finitely many arcs in X1 such that
T1 ⊂ T2 ⊂X1 and the union
X2 = T2 ∪U21 ∪ · · · ∪U2n2
is connected, and T2∩U2i is a finite set for each i ∈ {1, . . . , n2}, while for each point x ∈ T2
the set X2 \ {x} is not connected.
Continuing in this way we can define a decreasing sequence of continua X1 ⊃X2 ⊃ · · ·
and an increasing sequence of closed sets T1 ⊂ T2 ⊂ · · · each of which is the union of
finitely many arcs. Then the intersection
D =
⋂
{Xn: n ∈N} =Z ∪
⋃
{Tn: n ∈N}
is a continuum. We will prove that D is a dendrite.
To show local connectedness of D, take a point x ∈D. If x /∈ Z, then there is an index
m ∈N such that x ∈ Tm \ (Um1 ∪ · · · ∪Umnm). Thus the component of Tm in Xm containing
x is a locally connected neighborhood of x in D, so D is locally connected at x . If x ∈ Z,
then the sets of the form D ∩ Unjn such that x ∈ Unjn create a local base in D at the point
x which is composed of connected sets. Thus again D is locally connected at x . Thus the
continuumD is locally connected.
It remains to show that D contains no simple closed curve. So, suppose on the contrary
that a simple closed curve S is contained in D. Since Z is 0-dimensional, there is a point
x ∈ S \ Z, and hence there is an index m ∈ N such that x ∈ Tm \ (Um1 ∪ · · · ∪Umnm). Then
there exists a finite tree R contained in Tm \ (Um1 ∪ · · · ∪ Umnm) such that R is a closed
neighborhood of x . Then there is an arc J in R such that J ⊂ R ∩ S, and there is a
point y ∈ J which is an interior point of J with respect to D. Since y disconnects Xn,
it disconnects S, a contradiction. The proof is finished. 2
Recall that a curve means a 1-dimensional continuum. We will apply Theorem 4.2 to
show the next result.
Theorem 4.9. Each locally connected curve has the Effros property for the semigroup C
of mappings.
Proof. We will show that all the assumptions of Theorem 4.2 are satisfied. So, let p be
a point of X and let U be an open neighborhood of p in X. Since X is a curve, there
is an open neighborhood V ′ of p contained in U such that dim bdV ′ = 0. Denote by V
the closure of the component of V ′ containing the point p. Since, in locally connected
continua, components of open sets are open [11, §49, II, Theorem 4, p. 230], the set V is a
neighborhood of p. Further, since bdV ⊂ bdV ′ [11, §49, III, Theorem 3, p. 238], we have
dim bdV = 0, whence by Lemma 4.6 we infer that V is a locally connected continuum.
Consequently, by Proposition 4.8 there exists a dendrite D such that bdV ⊂ D ⊂ V .
Therefore all the assumptions of Theorem 4.2 are satisfied, and thereby the continuum
X has the Effros property for the semigroup C of mappings. 2
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To show the next result, i.e., Example 4.11, we need the following assertion, which is a
consequence of Theorem 3.1 of [1, p. 103].
Assertion 4.10. For every nonempty closed subset F of a compact metric ANR-space Y
there exists an ε > 0 such that any ε-translation f :F → Y is homotopic in Y to the identity
on F .
Proof. Using Theorem 3.1 of [1, p. 103] it is enough to put X = F × [0,1] and X0 =
F × {0,1}, and define mappings f1 :X0→ Y by f1(x, t)= x for x ∈ F and t ∈ {0,1}, and
f2 :X0→ Y by f2(x,0)= f and f2(x,1)= x for x ∈ F . 2
The following example shows that condition (4.3) as well as 1-dimensionality of the
continuum are indispensable assumptions in Theorems 4.2 and 4.9, respectively. The
example is due to Professor Włodzimierz Kuperberg.
Example 4.11. There exists a locally connected 2-dimensional continuumX that does not
have the Effros property for the semigroup C of mappings.
Proof. In the polar coordinates (r,φ) in the plane R2 consider a closed region R defined
by
R = {(r,φ) ∈R2: r ∈ [1,1+ 1/(1+ φ)] and φ ∈ [0,2pi]},
and a spiral
S = {(r,φ) ∈ R: r = 1 or r = 1+ 1/(1+ φ) for φ ∈ [0,+∞)}.
Take two copies R×{0} and R×{1} of R, and identify every two points of the form (x,0)
and (x,1) for x ∈ S. LetX be the quotient space, and let q :R×{0,1}→X be the quotient
mapping. Then X looks like a tube starting from a circle
C0 = q
({
(r,0) ∈R: r ∈ [1+ 1/(1+ 2pi),2]}× {0,1})
and approximating the limit circle
L= q({(r,φ) ∈R: r = 1}× {0,1}).
Obviously X is a locally connected metric continuum. Let ρ be a metric on X.
For every φ ∈ [0,+∞) define
Cφ = q
({
(r,φ) ∈ R: r ∈ [1+ 1/(1+ φ + 2pi),1+ 1/(1+ φ)]}× {0,1}),
and note that Cφ is a circle in X, with diamCφ tending to 0 as φ tends to +∞.
Let ε1 > 0 be such that clN(C0, ε1) is an ANR. It follows from Assertion 4.10 that
there exists an ε with 0 < ε < ε1 such that each ε-translation of C0 into clN(C0, ε1) is
homotopic in clN(C0, ε1) to the identity on C0. Put S1 = {(r,φ) ∈ R2: r = 1} and let
h :S1→ C0 ⊂X be a homeomorphism. Note that h is not homotopic to a constant in X.
We will show thatX does not have the Effros property for the semigroup C of mappings.
Suppose on the contrary that it does have, and let δ > 0 be as in the definition of the Effros
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property for the ε chosen above. For any positive integer k put bk = q((1+ 1/(1+ (2k +
1)pi),0),0) and note that bk ∈C2kpi , bk /∈ q(S×{0,1}), and b= limk→∞ bk = q((1,0),0).
Let k0 be large enough so that ρ(b, bk0) < δ. Then by the assumption, there exists an ε-
translation f :X→X with f (b)= bk0 . Define
D =
⋃{
Cφ : φ ∈ [2k0pi − pi/2,2k0pi + pi/2]
}
,
and note that bk0 ∈ intD. Let n be a positive integer large enough so that f (C2npi )⊂ intD.
Then f (C2npi ) is contractible in X to a point. Let g :S1→ C2npi be a homeomorphism
that is homotopic in X to the homeomorphism h considered above. Therefore, using the
symbol f ∼ g to denote that the mappings f and g are homotopic, and using ∗ for a
constant mapping, we have
h∼ f |C2npi ◦ h∼ f |C2npi ◦ g ∼ ∗.
This contradiction completes the proof. 2
Now we will discuss previously considered problems with respect to dendrites and their
monotone mappings, that is, mappings with connected point inverses. It will be shown
that if a dendrite is homogeneous with respect to the semigroup of monotone mappings,
then there is no analog of Theorem 4.9: monotone homogeneity cannot be sharpened
to the Effros property with respect to these mappings. Recall that there are as many
monotone homogeneous dendrites as all dendrites (i.e., continuum many of them, see [3,
Corollary 3.8, p. 293]). We will denote by ord(p,X) the Menger–Urysohn order of a point
p in a dendrite X (see, e.g., [11, §51, I, p. 274]). Recall that for every point p of a dendrite
X the order ord(p,X) equals the number of components of X \ {p}.
Theorem 4.12. No dendrite has the Effros property for the semigroup of monotone
mappings.
Proof. Suppose on the contrary that there exists a dendriteX which has the Effros property
for monotone mappings. ThenX is monotone homogeneous by Theorem 3.2, and therefore
it is not an arc, since no arc is monotone homogeneous, see [11, §48, I, Theorem 3,
p. 192]. Thus there is a point p ∈ X such that ord(p,X) > 3. Hence there are at least
three components C1, C2 and C3 of X \ {p}. Take ε > 0 so small that 2ε < diamCi for
each i ∈ {1,2,3}. For this ε there is a δ > 0 as in the definition of the Effros property
for monotone mappings. Since the set of points of order 2 is dense in the dendrite X,
see [11, §51, VI, Theorem 8, p. 302], there is a point q ∈X such that ord(q,X)= 2 and
ρ(p,q) < δ. By the assumed Effros property there is a monotone surjective ε-translation
f :X→X with f (p)= q . LetD1 andD2 be the two components ofX \ {q}. Then the sets
f−1(D1) and f−1(D2) are disjoint and connected [13, Chapter 8, Theorem (2.2), p. 138],
so they are contained in some two components of X \ {p}. Therefore one of the three
components C1, C2 and C3 of X \ {p} is contained in the set f−1(q), whence it follows
that diamf−1(q) > 2ε, a contradiction with the definition of f . The proof is complete. 2
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Question 4.13. Does there exist a (locally connected) continuum which is not homoge-
neous and which has the Effros property for the semigroup of monotone mappings?
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